We discuss gravity-like formulations of massive Abelian and non-Abelian gauge field theories in four space-time dimensions with particular emphasis on the issue of gauge invariance. Alternative descriptions in terms of antisymmetric tensor fields and geometric variables, respectively, are analysed. In both approaches Stückelberg degrees of freedom factor out. We also demonstrate, in the Abelian case, that the massless limit for the gauge propagator, which does not exist in the vector potential formulation, is well-defined for the antisymmetric tensor fields.
I. INTRODUCTION
Massive gauge bosons belong to the fundamental concepts we use for picturing nature. Prominent examples are found in the physics of electroweak interactions, superconductivity, and confinement. Even more than in the massless case, gauge invariance is a severe constraint for the construction of massive gauge field theories. Usually additional fields beyond the original gauge field have to be included in order to obtain gauge invariant expressions. [26] Technically, this is linked to the fact that the aforementioned gauge field-the YangMills connection-changes inhomogeneously under gauge transformations and encodes also spurious degrees of freedom arising from the construction principle of gauge invariance. This complicates the extraction of physical quantities. A variety of approaches has been developed in order to deal with this situation. Wilson loops [1] represent gauge invariant but non-local variables. [27] Alternatively, there exist decomposition techniques like the one due to Cho, Faddeev, and Niemi [2] . Here we first pursue a reformulation of massive Yang-Mills theories in terms of antisymmetric gauge algebra valued tensor fields B a µν (Sect. II) and subsequently continue with a representation in terms of geometric variables (Sect. III).
In Sect. II A we review the massless case. It is related to gravity [3] formulated as BF gravity [4] and thus linked to quantum gravity. The antisymmetric tensor field can be seen as dual field strength and transforms homogeneously under gauge transformations. This fact already makes it simpler to keep track of gauge invariance. In Sect. II B the generalisation to the massive case is presented. In the B a µν field representation the (nonAbelian) Stückelberg fields, which are commonly present in massive gauge field theories and needed there in order to keep track of gauge invariance, factor out completely. In other words, no scalar fields are needed for a gauge invariant formulation of massive gauge field theories in terms of antisymmetric tensor fields. The case of a constant mass is linked to sigma models (gauged and ungauged) in different respects. Sect. II B 1 contains the generalisation to a position dependent mass, which corresponds to introducing the Higgs degree of freedom. In Sect. II B 2 non-diagonal mass terms are admitted. This is necessary to accommodate the Weinberg-Salam model, which is studied as particular case.
Sect. III presents a description of the massive case, with constant and varying mass, in terms of geometric variables. In this step the remaining gauge degrees of freedom are eliminated. The emergent description is in terms of local colour singlet variables. Finally, Sect. III A is concerned with the geometric representation of the Weinberg-Salam model.
The Appendix treats the Abelian case. It allows to better interpret and understand several of the findings in the non-Abelian settings. Of course, in the Abelian case already the B µν field is gauge invariant. Among other things, we demonstrate that the m → 0 limit of the gauge propagator for the B µν fields is well-defined as opposed to the ill-defined limit for the A µ field propagator.
Sect. IV summarises the paper.
II. ANTISYMMETRIC TENSOR FIELDS
A. Massless
Before we investigate massive gauge field theories let us recall some details about the massless case. The partition function of a massless non-Abelian gauge field theory without fermions is given by
with the Lagrangian density
and the field tensor
A a µ stands for the gauge field, f abc for the antisymmetric structure constant, and g for the coupling constant. [28] Variation of the classical action with respect to the gauge field gives the classical Yang-Mills equations
where the covariant derivative is defined as
The partition function in the first-order formalism can be obtained after multiplying Eq. (1) with a prefactor in form of a Gaussian integral over an antisymmetric tensor field B a µν ,
(" ∼ =" indicates that in the last step the normalisation of the partition function has been changed.) Subsequently, the field B a µν is shifted by
, where the dual field tensor is defined asF
In this form the partition function is formulated in terms of the Yang-Mills connection A a µ and the antisymmetric tensor field B a µν as independent variables. Variation of the classical action with respect to these variables leads to the classical equations of motion (4) is reproduced. Every term in the classical action in the partition function (6) contains at most one derivative as opposed to two in Eq. (1). This explains the name "first-order" formalism. The classical action in Eq. (6) is invariant under simultaneous gauge transformations of the independent variables according to
or infinitesimally,
The T a stand for the generators of the gauge group. From the Bianchi identity D ab µ (A)F bµν = 0 follows a second symmetry of the BF term alone: Infinitesimally, for un-
A particular combination of the transformations (10) and (11) , θ a = n µ A a µ and ϑ a ν = n µ B a µν , corresponds to the transformation of a tensor under an infinitesimal local coordinate transformation
that is a diffeomorphism. Hence, the BF term is diffeomorphism invariant, which explains why this theory is also known as BF gravity. The BB term is not diffeomorphism invariant and, hence, imposes a constraint. The combination of the two terms amounts to an action of Plebanski type which are studied in the context of quantum gravity [3, 4] . 
This result is known from [5, 6, 7] . When incorporated with the exponent, which requires a regularisation [8] , the determinant contributes a term proportional to 1 2 ln det to the action. This term together with the BB term constitutes the effective potential, which is obtained from the exponent in the partition function after dropping all terms containing derivatives of fields. The effective potential becomes singular for field configurations for which det = 0. It is gauge invariant because all contributing addends are gauge invariant separately.
The classical equations of motion obtained by varying the action in Eq. (14) with respect to the dual antisymmetric tensor fieldB aµν are given by
which coincides with the first of Eqs. (7) with the field tensor evaluated at the saddle point of the action, to the previous equation.
B. Massive
In the massive case the prototypical Lagrangian is of
(Due to our conventions the physical mass is given by m phys := mg.) This contribution to the Lagrangian is of course not gauge invariant. Putting it, regardlessly, into the partition function, gives
which can be interpreted as the unitary gauge representation of an extended theory. In order to see this let us split the functional integral over A a µ into an integral over the gauge group [dU ] and gauge inequivalent field configurations [dA] ′ . Usually this separation is carried out by fixing a gauge according to
f a (A) = C a is the gauge condition and ∆ f (A) stands for the Faddeev-Popov determinant defined through [29] . Introducing this reparametrisation into the partition function (16) yields,
L 0 is gauge invariant in any case and remains thus unaffected. In the mass term the gauge transformations appear explicitly [9] . We now replace all of these gauge transformations with an auxiliary (gauge group valued) scalar field Φ, U † → Φ, obeying the constraint
The field Φ can be expressed as Φ =: e −iθ , where θ =: θ a T a is the gauge algebra valued non-Abelian generalisation of the Stückelberg field [10] . For a massive gauge theory they are a manifestation of the longitudinal degrees of freedom of the gauge bosons. In the context of symmetry breaking they arise as Goldstone modes ("pions"). In the context of the Thirring model these observations have been made in [11] . There it was noted as well that the θ is also the field used in the canonical Hamiltonian Batalin-Fradkin-Vilkovisky formalism [12] . We can extract the manifestly gauge invariant classical Lagrangian
where the scalars have been rearranged making use of the product rule of differentiation and the cyclic property of the trace and where D µ Φ := ∂ µ Φ−iA µ Φ. Eq. (20) resembles the Lagrangian density of a non-linear gauged sigma model. In the Abelian case the fields θ decouple from the dynamics. For non-Abelian gauge groups they do not and one would have to deal with the non-polynomial coupling to them. In the following we show that these spurious degrees of freedom can be absorbed when making the transition to a formulation based on the antisymmetric tensor field B a µν . Introducing the antisymmetric tensor field into the corresponding partition function, like in the previous section, results in,
Removing the gauge scalars Φ from the mass term by a gauge transformation of the gauge field A a µ makes them explicit in the BF term,
In the next step we would like to integrate over the YangMills connection A a µ . Already in the previous expression, however, we can perceive that the final result will only depend on the combination of fields Φ † B µν Φ. [The Φ field can also be made explicit in the BB term in form of the constraint (19) .] Therefore, the functional integral over Φ only covers multiple times the range which is already covered by the [dB] integration. Hence the degrees of freedom of the field Φ have become obsolete in this formulation and the [dΦ] integral can be factored out. Thus, we could have performed the unitary gauge calculation right from the start. In either case, the final result reads,
where Å ab µν in the analogous term transformed in exactly the same way. There this behaviour ensured the gauge invariance of this term's contribution to the classical action. Consequently, the classical action in the massive case has the same invariance properties. In particular, the aforementioned gauge invariant classical action describes a massive gauge theory without having to resort to additional scalar fields. For det = 0, the limit m → 0 is smooth. For det = 0 the conserved current components alluded to above would have to be separated appropriately in order to recover the corresponding δ distributions present in these situations in the massless case.
Again the effective action is dominated by the term proportional to The classical equations of motion obtained by variation of the action in Eq. (21) are given by,
In these equations a unique solution can be chosen, that is a gauge be fixed, by selecting the scalar field Φ. Φ ≡ 1 gives the unitary gauge, in which the last of the above equations drops out. The general non-Abelian case is difficult to handle already on the classical level, which is one of the main motivations to look for an alternative formulation. In the non-Abelian case, the equation of motion obtained from Eq. (23) resembles strongly the massless case,
insofar as all occurrences of ( Before we go over to more general cases of massive non-Abelian gauge field theories, let us have a look at the weak coupling limit: There the BB term in Eq. (21) is neglected. Subsequently, integrating out the B (24) for g=0.] Hence, for vanishing coupling exclusively pure gauge configurations of the gauge field A a µ contribute. They can be combined with the Φ fields and one is left with a non-linear realisation of a partition function,
of a free massless scalar [13] . Setting g = 0 interchanges with integrating out the B a µν field from the partition function (21) . Thus, the partition function (23) with g = 0 is equivalent to (26) . That a scalar degree of freedom can be described by means of an antisymmetric tensor field has been noticed in [14] .
Position-dependent mass and the Higgs
One possible generalisation of the above set-up is obtained by softening the constraint (19) . This can be seen as allowing for a position dependent mass. The new degree of freedom ultimately corresponds to the Higgs. When introducing the mass m as new degree of freedom (as "mass scalar") we can restrict its variation by introducing a potential term V (m 2 ), which remains to be specified, and a kinetic term K(m), which we choose in its canonical form
It gives a penalty for fast variations of m between neighbouring space-time points. The fixed mass model is obtained in the limit of an infinitely sharp potential with its minimum located at a non-zero value for the mass. Putting together the partition function in unitary gauge leads to,
where we have introduced the normalisation constant N := dim R, with R standing for the representation of the scalars. This factor allows us to keep the canonical normalisation of the mass scalar m. We can now repeat the same steps as in the previous section in order to identify the classical Lagrangian,
where now φ := mΦ. In order to reformulate the partition function in terms of the antisymmetric tensor field we can once more repeat the steps in the previous section. Again the spurious degrees of freedom represented by the field Φ can be factored out. Finally, this gives [15] ,
where Å ab µν = ab µν − m 2 N −1 δ b g µν depends on the spacetime dependent mass m. The determinant can as usual be included with the exponent in form of a term proportional to 1 2 det Å, the pole of which will dominate the effective potential. As just mentioned, however, Å is also a function of m. Hence, in order to find the minimum, the effective potential must also be varied with respect to the mass m.
Carrying the representation in terms of antisymmetric tensor fields another step further, the partition function containing the kinetic term K(m) of the mass scalar can be expressed as Abelian version of Eq. (26),
where here the mass scalar m is identified with the Abelian gauge parameter. Combining the last equation with the partition function (28) all occurrences of the mass scalar m can be replaced by the phase integral m → dx µ a µ . The bf term enforces the curvature f to vanish which constrains a µ to pure gauges ∂ µ m and the aforementioned integral becomes path-independent.
Non-diagonal mass term and the Weinberg-Salam model
The mass terms investigated so far had in common that all the bosonic degrees of freedom they described possessed the same mass. A more general mass term would be given by L m := 2 tr{A µ A µ Ψ} where Ψ is group valued and constant. We shall begin our discussion with this second variant and limit ourselves to a Ψ with real entries and trΨ = 1, which, in fact, does not impose additional constraints. Using this expression in the partition function (27) and making explicit the gauge scalars yields, 
where ψ is a complex scalar doublet, A µ := A a µ T a , with a ∈ {0; . . . ; 3}, T a here stands for the generators of SU (2) in fundamental representation, and, accordingly, T 0 for g0 2g times the 2 × 2 unit matrix, with the U (1) coupling constant g 0 . The partition function can be reparametrised with ψ = mΦψ, where m = |ψ| 2 , Φ is a group valued scalar field as above, andψ is a constant doublet with |ψ| 2 = 1. The partition function then becomes,
where
Making the transition to the first order formalism leads to
As in the previous case, a gauge transformation of the gauge field A 
The subsequent integration over the gauge fields A a µ leads to
From hereon we continue our discussion based on the mass matrix 
Making use of the concrete form of m ab given in Eq. (37), inserting Ψ from Eq. (33), and subsequent diagonalisation leads to the eigenvalues 0, 
III. GEOMETRIC REPRESENTATION
The fact that the antisymmetric tensor field B a µν transforms homogeneously represents already an advantage over the formulation in terms of the inhomogeneously transforming gauge fields A a µ . Still, B a µν contains degrees of freedom linked to the gauge transformations (9) . These can be eliminated by making the transition to a formulation in terms of geometric variables. In this section we provide a classically equivalent description of the massive gauge field theories in terms of geometric variables in Euclidean space for two colours by adapting Ref. [16] to include mass. The first-order action is quadratic in the gauge-field A a µ . [30] Thus the evaluation of the classical action at the saddle point yields the expression equivalent to the different exponents obtained after integrating out the gauge field A a µ in the various partition functions in the previous section. In Euclidean space the classical massive Yang-Mills action in the first order formalism reads
At first we will investigate the situation for the unitary gauge mass term L AA and study the role played by the scalars Φ afterwards. As starting point it is important to note that a metric can be constructed that makes the tensor B a µν self-dual [7] . In order to exploit this fact, it is convenient to define the antisymmetric tensor (j ∈ {1; 2; 3})
with the self-dual 't Hooft symbol η j AB [17] [31] and the tetrad e A µ . From there we construct a metric g µν in terms of the tensor T j µν
and
Subsequently, we introduce a triad d a j such that
This permits us to reexpress the BB term of the classical Lagrangian, 
gives
In the following we define the connection coefficients γ µ | k j as expansion parameters of the covariant derivative of the triads at the saddle point in terms of the triads,
This would not be directly possible for more than two colours, as then the set of triads is not complete. The connection coefficients allow us to define covariant derivatives according to
These, in turn, permit us to rewrite the saddle point condition (49) as
and the mass term in the classical Lagrangian becomes
In the limit m → 0 this term enforces the covariant con- The commutator of the above covariant derivatives yields a Riemann-like tensor R k jµν
By evaluating, in adjoint representation (marked bẙ ), the following difference of double commutators
or in components,
where 
Let us now repeat the previous steps with a mass term in which the gauge scalars Φ are explicit,
In that case the saddle point condition (49) is given by,
or in the form of Eq. (53), that is with the left-hand side replaced,
Reexpressing L Φ AA with the help of the previous equation reproduces exactly the unitary gauge result (54) for the mass term.
Finally, the tensor appearing in the determinant (13), which accounts for the Gaussian fluctuations of the gauge field A Contrary to the massless case the A a µ dependent part of the Euclidean action is genuinely complex. Without mass only the T-odd and hence purely imaginary BF term was A a µ dependent. With mass there contributes the additional T-even and thus real mass term. Therefore the saddle point valueȂ a µ for the gauge field becomes complex. This is a known phenomenon and in this context it is essential to deform the integration contour of the path integral in the partition function to run through the saddle point [18] . For the Gaussian integrals which are under consideration here, in doing so, we do not receive additional contributions. The imaginary part IȂ 
with the obvious consequences for the covariant derivative,
This composition reflects in the mass term,
on one hand, and in the Riemann-like tensor,
on the other. The connection to the imaginary part of A a µ is more direct in Eq. (57) which yields,
Finally, the BF term becomes,
Summing up, at the complex saddle point of the [dA] integration the emerging Euclidean L AA and L BF are both complex, whereas before they were real and purely imaginary, respectively. Both terms together determine the saddle point valueȂ a µ . Therefore, they become coupled and cannot be considered separately anymore. This was already to be expected from the analysis in Minkowski space in Sect. II, where the matrix Å ab µν combines T-odd and T-even contributions, which originate from L AA and L BF , respectively. There the different contributions become entangled when the inverse (Å −1 ) ab µν is calculated.
A. Weinberg-Salam model
Finally, let us reformulate the Weinberg-Salam model in geometric variables. We omit here the kinematic term K(m) and the potential term V (m 2 ) for the sake of brevity because they do not interfere with the calculations and can be reinstated at every time. The remaining terms of the classical action are
and L BB as well as L BF have been defined in Eqs. (40) and (41), respectively. The saddle point conditions for the [dA] integration with this action are given by
For the following it is convenient to use linear combinations of these equations, which are obtained by contraction with the eigenvectors µ a l of the matrix m ab -defined between Eqs. (37) and (38)-,
The non-Abelian term on the left-hand side can be rewritten using the results from the first part of Sect. III. The right-hand side may be expressed in terms of eigenvalues of the matrix m ab . We find (no summation over l),
The mass term can be decomposed in the eigenbasis of m ab as well and, subsequently, be formulated in terms of the geometric variables,
With the help of these relations and the results from the beginning of Sect. III we are now in the position to express the classical action in geometric variables: The mass term is given in the previous expression. It describes a Gaussian distribution of a composite current. The components of the current are superpositions of Abelian and non-Abelian contributions. This mixture is caused by the symmetry breaking pat- 
IV. SUMMARY
We have discussed the formulation of massive gauge field theories in terms of antisymmetric tensor fields (Sect. II) and of geometric variables (Sect. III). The description in terms of an antisymmetric tensor field B a µν has the advantage that it transforms homogeneously under gauge transformations, whereas the usual gauge field A a µ transforms inhomogeneously, which complicates a gauge-independent treatment of massive gauge field theories. In fact, the (Stückelberg-like) degrees of freedom needed for a gauge-invariant formulation in terms of a Yang-Mills connections are directly absorbed in the antisymmetric tensor fields. No scalar field is required in order to construct a gauge invariant massive theory in terms of the new variables. After recapitulating the massless case in Sect. IIA, we have treated the massive setting in Sect. IIB. After the fixed mass case, at the beginning of Sect. IIB, this section encompasses also a position dependent mass (Sect. IIB1), that is the Higgs degree of freedom, and a non-diagonal mass term (Sect. IIB2). This is required for describing the Weinberg-Salam model. In this context, we have identified the degrees of freedom which represent the different electroweak gauge bosons in the B a µν representation by a gauge-invariant eigenvector decomposition.
The Abelian section (App. A) serves as basis for an easier understanding of some issues arising in the nonAbelian case, like for example vanishing conserved currents. In that section we also address the massless limits of propagators in the A µ and B µν representations, respectively. We notice that while the limit is ill-defined for the A µ fields it is well-defined for the B µν fields. That is due to the consistent treatment of gauge degrees of freedom in the latter case.
In Sect. III we continue with a description of massive gauge field theories in terms of geometric variables in four space-time dimensions and for two colours. Thereby we can eliminate the remaining degrees of freedom which are still encoded in the B a µν fields. After deriving the expressions for a fixed mass and in the presence of the Higgs degree of freedom, respectively, we also investigate the Weinberg-Salam model (Sect. III A). The partition function of an Abelian gauge field theory without fermions is given by
g stands for the coupling constant. The transition to the first-order formalism can be performed just like in the non-Abelian case, which is treated in the main body of the paper. We find the partition function, Here the antisymmetric tensor field B µν , like the field tensor F µν , is gauge invariant. The classical equations of motion are given by ∂ µB µν = 0 and g 2 B µν = −F µν ,
which after elimination of B µν reproduce the Maxwell equations one would obtain from Eq. (A2). Now we can formally integrate out the gauge field A µ . As no gauge is fixed by the BF term because the Abelian field tensor F µν is gauge invariant this gives rise to a functional δ distribution. This constrains the allowed field configurations to those for which the conserved current ∂ µB 
